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Abstract 

Using a Clifford bundle formalism, we examine: (a) the strong condi- 
tions for existence of conservation laws involving only the energy-momentum 
and angular momentum of the matter fields on a general Riemann-Cartan 
spacetime and the particular cases of Lorentzian and teleparallel space- 
times and (b) the conditions for the existence of conservation laws of 
energy-momentum and angular momentum for the matter and gravita- 
tional fields when this later concept can be rigorously denned. We examine 
in more details some statements concerning the issues of the conservation 
laws in General Relativity and Riemann-Cartan (including the particular 
case of the teleparallel ones) theories. 
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1 Introduction 

Using the Clifford bundle formalism of differential forms (see Appendix aEI) we 
reexamine the origin and meaning of conservation laws of energy-momentum 
and angular momentum and the conditions for their existence on a general 
Riemann-Cartan spacetime (RCSTjl (M, g, V, T g , t) and also in the particular 

1 In Appendix A we give a very short introduction to the main tools of the the Clifford 
bundle formalism needed for this paper. A detailed and up to date presentation to the Clifford 
bundle formalism is given, e.g., in | 55l . 

2 See details in Appendix A. 
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cases of Lorentzian spacetimes 9JI = (M, g, -D,r g , f) which as it is well known 
model gravitational fields in the General Relativity Theory (GRT) [57]. A RCST 
is supposed to model a generalized gravitational field in the so called Riemann- 
Cartan theories [55] . The case of the so called teleparallejf] equivalent of GRT 
[3D] is also investigated and the recent claim [T5] that there is a genuine energy- 
momentum conservation law in that theory is investigated in more details. 

In what follows, we suppose that a set of dynamic fields live and interact 
in (M, g, V,T g ,t) (or DJl). Of course, we want that the RCST admits spinor 
fields, which implies according to Geroch's theorem that the orthonormal frame 
bundle must be trivial [2"Tl [551 155] . This permits a great simplification in our 
calculations, in particular if use is made of the calculation procedures of the 
Clifford bundle formalism. Moreover, we will suppose, for simplicity that the 
dynamic fields of the theory c/) A , A — 1,2, ...,n, are r-fornjfl, i.e., each <f) A € 
sec /\ r T*M ^ sec«(M,g), for some r = 0,1,..., 4. 

We recall the very important fact that there are in such theories a set of 
'covariant conservation laws' which are identities which result from the fact that 
Lagrangian densities of relativistic field theories are supposed to be invariant 
under diffeomorphisms and active local Lorentz rotation^. These covariant 
conservation laws do not express in general any genuine conservation law of 
energy-momentum or angular momentum. We prove moreover, as first shown by 
[B] that genuine conservation laws of energy- momentum and angular momentum 
for only the matter fields exist for a field theory in a RCST only if there exists 
a set o|^| m appropriate vector fields a = 1,2,..., to such that £^(a)g = 
and £^{a) = 0, where O is the torsion tensor. 

Thus, we show in Section 6 that in the teleparallel version of GRT, the ex- 
istence of Killing vector fields does not warrant (contrary to the case of GRT) 
the existence of conservation laws involving only the energy-momentum tensors 
of the matter fields. We show moreover, still in Section 6, that in the telepar- 
allel version of GRT (with null or non null cosmological constant) there is a 
genuine conservation law involving the energy-momentum tensor of matter and 
the energy-momentum tensor of the gravitational field, which in that theory is 
a well defined object. 

Although this is a well known result, we think that our formalism puts it in a 
new perspective. Indeed, in our approach, the teleparallel equivalent of General 
Relativity as formulated, e.g., by [30] or [12], is easily seem as consisting in 
the introduction of: (a) a bilinear form (a deformed metric tensor [52] [55] ) 

3 A teleparallel spacctime is a particular Riemann-Cartan spacetime with null curvature 
and non null torsion tensor [T] [2] [3] . 

4 This is not a serious restriction in the formalism since as it is shown in details in [38 , 55 , 
one can represent spinor fields by sums of even multiform fields once a spinorial frame is 
given. The functional derivative of non-homogeneous multiform fields is developed in details 
in, e.g., [55] , 

5 Satisfying such a condition implies in general in the use of generalized gauge connections, 
implying a sort of equivalence between spacetimes equipped with connections having different 
curvature and / or torsion tensors |51l 1 14| . 

6 The maximum possible value of the integer number m in a 4-dimensional spacetime is 
ten. 
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g = ?7at># a <8> O b , (b) a teleparallel connection (necessary to make the theory 
invariant under active local Lorentz transformation^) in the manifold M ~ R 4 
of Minkowski spacetime structure, and (c) a Lagrangian density differing from 
the Einstein-Hilbert Lagrangian density by an exact differential. 
The paper is organized as follows: 

Section 2 and Appendix A are aimed to give to the reader some background 
information needed to better understand our developments. In Section 2 we 
recall some mathematical preliminaries as the definition of vertical and hori- 
zontal variations, the concept of functional derivatives of functionals on a 1-jet 
bundle, the Euler-Lagrange equations (ELE) and the fact that the action of 
any theory formulated in terms of differential forms is invariant under diffeo- 
morphisms, whereas in Appendix A we briefly describe the Clifford bundle for- 
malism used throughout the paper. Appendix A also provides a derivation of 
the energy-momentum 3-forms for the electromagnetic field which in the Clif- 
ford bundle formalism (and our conventions) are expressed very elegantly by 
- *T a = *T a = -§ * (F6> a F). 

In Section 3 we recall the proof of a set of identities called 'covariant con- 
servation laws' valid in a RCST [6|, which as already mentioned above do not 
encode, in general, any genuine energy-momentum and/or angular momentum 
conservation laws. 

In Section 4 we assume that the Lagrangian density is invariant under active 
local Lorentz transformations and diffeomorphisms and then recall the condi- 
tions for the existence of genuine conservation laws in a RCST which involve 
only the energy-momentum and angular momentum tensor of the matter fields 

!• 

Next, in Section 5, we recall (for completeness) with our formalism the theory 
of pseudo-potentials and pseudo energy-momentum tensors in CRT, and show 
that there are in general no conservation laws of energy-momentum and angular 
momentum in this theory [54] . We also discuss some misleading and even wrong 
statements concerning this issue that appear in the literature. 

Finally, in Section 6 we discuss the conservation laws in the teleparallel 
equivalent of General Relativity, as already mentioned above. 

Our conclusions can be found in Section 7. To better illustrate the meaning 
of our results, we also present, in Appendix B, various examples showing that 
not all Killing vector fields of a teleparallel spacetime (Schwarzschild, de Sitter, 
Friedmann) satisfy Eq. ([39|) meaning that in a model of the teleparallel 'equiv- 
alent' of CRT there are, in general, fewer conservation laws involving only the 
matter fields than in the corresponding model of GRT. 

7 On the issue on active local Lorentz invariance, see also |14l 151 J - 
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2 Some Preliminaries 



2.1 Variations 

2.1.1 Vertical Variation 

Let X G sec Ci(M,g), be a Clifford (multiform) field! An active local Lorentz 
transformation sends 1h>I'£ secC^(Af, g), with 

X' = UXU. (1) 

Each U € secSpin^ 3 (M) can be written (see, e.g., [55]) as ± the expo- 
nential of a 2-form field F <E sec /\ T*M sec C£(M, g). For infinitesimal 
transformations we must choose the + sign and write F — af, a -C 1, F 2 ^ 0. 

Definition 1 Lef X be a Clifford field. The vertical variation of X is the field 
S V X (of the same nature of X) such that 

S V X = X' - X. (2) 

Remark 2 The case where F is independent of x € M is said to be a gauge 
transformation of the first kind, and the general case is said to be a gauge 
transformation of the second kind. 

2.1.2 Horizontal Variation 

Let at be a one-parameter group of diffeomorphisms of M and let £ € sec TM 
be the vector field that generates a t , i.e., 



dt 



(3) 

t=o 



Definition 3 We call the horizontal variation of X induced by a one-parameter 
group of diffeomorphisms of M to be the quantity 

S h X = lim a * tX - X = —£cX. (4) 
t->o t 

Definition 4 We call total variation of a multiform field X to the quantity 

SX = 8 V X + S h X = S V X - £ t X. (5) 
It is crucial to distinguish between the two variations defined above. 



8 If X = ip e secCf(°)(M,g) (where «(°'(M,g) is the even subbundle of C£(M,g)) is a 
representative of a Dirac-Hestenes spinor field in a given spin frame, then an active local 
transformation sends if) h-+ tp', with ijj' = Lip |55l . 
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2.2 Functional Derivatives 

Let J'^T'M) be the 1-jet bundle over f\T*M ^ C£(M,g), i.e., the vector 
bundle defined by 

J\/\T*M) = {(x,<j)(x),d(j)(x)y, xeM,<Pe sec [\T*M ^ secC£(M,g)}. 

(6) 

Then, with each local section <p <= sec f\T*M secC^(M, g)}, we may 
associate a local section € sec J 1 (A T*M). 

Let {6» a }, 6> a e sec fa 1 T*M ^ secC£(M,g), a =0, 1,2,3, be an orthonormal 
basis of T*M dual to the basis {e a } of TM and let uj a e sec A 1 T* M ^ 
sec C£(M, g) be the connection 1-forms of the connection V in a given gauge. 
We introduce also the 1-jet bundle J 1 [(A T* M) n+2 \ over the configuration space 
{f\T*M) n + 2 ^ (C£(M,g))"+ 2 of a field theory describing n different fields 
4> A e sec /\TPM ^ secC£(M,g) on a RCST, where for each different value of 
A we have in general a different value of p. 

J 1 [(/\T*M) n+2 } := J\/\T*M x f\T*M x ... x f\T*M) 

= {{x,0 a {x),d6 a {x),uj a ,{x),<Lj a {x),(f) A (x) 1 d<j) A {x), A= l,...,n} 

(7) 

Sections of J 1 [(A T*M)™+ 2 ] will be denoted by ji(6» a , wg, 0) or simply by ji(0) 
when no confusion arises. 

A functional for a field 4> e sec /\T*M ^ sccC£{M,g) in J l {[\T*M) is a 
mapping J" : sec J^A^M) -> sec f\T*M, j 1 (4>) i-> T(ji((t))). 

A Lagrangian density mapping for a field theory described by fields 0^ € 
sec A T*M, A = 1, 2, n over a Riemann-Cartan spacetime is a mapping 

£ m : sec J 1 [(/\T*M)" +2 ] -» sec f\T*M, (8) 
i!(^,a; a ^)^£ m (ii(r, W a ^)). (9) 



Remark 5 When convenient the image of C m , i-e., £m(ji(@ a , 0)) (called 
Lagrangian density) will be represented by the sloppy notation £ m (x,9 a ,U!^,(j)) 
or, when the Lagrangian density does not depend explicitly on x, C m (9 a , w a , <p) 
or simply £ m (4>) an d even just £ m . The same observation holds for any other 
functional. 

To simplify the notation even further consider in the next few definitions of 
a field theory with only one field (f> <G sec /\ r T* M ^> secC£(M, g), in which case 
C m is a functional on J 1 [(A T*M) 3 ]. 

Given a Lagrangian density £ m {ji(9 a , w a , (j))) for a given homogeneous mat- 
ter field (j) € sec/\ r T*M «— » sec C£(M, g) over a general Riemann-Cartan space- 
time, we shall need (in order to apply the variational action principle) to calcu- 
late some algebraic derivatives of C m . These are terms such as dC ai.^ , dC ^ < f > 
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which appears in the variation of C m , i.e., 



= *0A*E(0)+d(tyA^M). (10a) 

Definition 6 The terms ^§^- and are called in what follows algebraic 

derivatives of C m E and *±(<f>) S sec /\ 3 T*M secC£(M,g), 

= g%M - ( _l)r d f (11) 



is called the Euler- Lagrange functional of the field ef>. Some authors call it the 
functional derivative of C m and in this case write 

* SW (12) 

In working with these objects it is necessary to keep in mind that for 
4> e sec /\ r T*M, F(4>) = T{jx{<t>)) £ sec /\ P T*M and K{4>) = K{j x (</>)) € 
sec /\ q T*M, 

^F^) A = A^) A + {-1TH<I>) A ^ACW. (13) 

We recall also that if G(ji(4>)) € sec f\ p T*M is an arbitrary functional and 
a : M — > M a diffeomorphism, then (</>)) is said to be invariant under a if 
and only if o-*Q{j\{(j))) = G(ji(4>))- Also, it is a well known result that <?0'i (</>)) 
is invariant under the action of a one parameter group of diffeomorphisms o~t if 
and only if 

•WiW) = 0, (W) 

where £ G sec TM is the infinitesimal generator of the group o~t and £^ denotes 
the Lie derivative. 



2.3 Euler-Lagrange Equations from Lagrangian Densities 

Recall now that the principle of stationary action is the statement that the varia- 
tion of the action integral written in terms of a Lagrangian density C m (j\ (9 a , to^ , 4>) ) 

9 This terminology was originally introduced in I64| . The exterior product S<j> A ^ is a 
particular instance of the A A ^ directional derivatives introduced in the multiform calculus 
developed in |55| with 5cf> = A. 
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is null for arbitrary variations of <j> which vanish in the boundary dU of the open 
set U C M (i.e., 5<j>\ av = 0) 

8A(<t>)=5 f C m {ji{e a ,^4>))= f 5£ m (j 1 (9*,u>£,cj>)) = 0. (15) 
Ju J u 

A trivial calculation gives 

SA{(j>) = { 8<j> A *£(<£). (16) 
Ju 

Since 8<f> is arbitrary, the stationary action principle implies that 

* = d J^M - (-iy d ( 9C ^) = o. (17) 



The equation *E(</>) = is the corresponding ELE for the field 4> S sec /\ r T* M e — 
sec C£{M, g). 

2.4 Invariance of the Action Integral under the Action of 
a Diffeomorphism 

Proposition 7 The action A(<f) for any field theory formulated in terms of 
fields that are differential forms is invariant under the action of one parameters 
groups of diffeomorphisms if £ m (ji(9 a , wg, 4>))\ gu — on the boundary dU of a 
domain U C M . 

Proof. Let C m (ji(9 & , w a , <f))) be the Lagrangian density of the theory. The 
variation of the action which we are interested in is the horizontal variation, 
i.e.: 

8 h A(4>) = / £ s £ m (3i(9 a ,<^)) (18) 
Ju 

Let 

=g(e,-)esec/\ 1 T*Af — secC*(M,g). (19) 

Then we have from a well known property of the Lie derivative (Cartan's magical 
formula) that 

£ i C m = d(e^£ m ) + e^d£ m ). (20) 

But, since £ m (ji(0 a ,wg, <£)) e sec f\ A T*M secC£(M,g) we have dC rn = 
and then £^C rn = <i(£*j£ m ). It follows, using Stokes theorem that 



£ i L m {j l {6* > ^4>))= / d[r-i£ m (ji(0 a ,"g,<#)] 
Ju 

= f r^ m ( J1 (0 a ,^,0))-o, (21) 

JdU 

since £ m (ji(6» a , u*, (f)))\ du = 0. ■ 

Remark 8 It is important to emphasize that the action integral is always in- 
variant under the action of a one parameter group of diffeomorphisms even if 
the corresponding Lagrangian density is not invariant (in the sense of Eq. (|14p ) 
under the action of that same group. 
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3 Covariant 'Conservation' Laws 



Let (M, g, V, T g , |) denote a general Riemann-Cartan spacetime. As stated 
above we suppose that the dynamic fields 4> A , A — 1,2, ...,n, are r-forms, i.e., 
each cf) A e sec /\ r T*M ^ secC£(M,g), for some r = 0,l,...,4. 

Let {e a } be an arbitrary global orthonormal basis for TM, and let {0 a } 
be its dual basis. We suppose that 6> a € sec A 1 T*M ^ secC^(M,g). Let 
moreover {# a } be the reciprocal basis of {0 a }. As it is well known (see, e.g., 
[MJ [551 [531 [55]) it is possible to represent the gravitational field using {9 a } and 
it is also possible to write differential equations equivalent to Einstein equations 
for such obiectsF°l 

Here, we make the hypothesis that a Riemann-Cartan spacetime models a 
generalized gravitational field which must be described by {0 a ,o->^}, where 
are the connection 1-forms (in a given gauge). Thus, we suppose that a dynamic 
theory for the fields (f> A S sec /\ r T*M (called in what follows matter fields) is 
obtained through the introduction of a Lagrangian density, which is a functional 
on J 1 [(A T*M) 2+n ] as previously discussed. 

Active Local Lorentz transformations are represented by even sections of the 
Clifford bundle U € sec Spin 13 (M) ^ sec C€ (0) (M, g), such that UU = UU = 1, 
i.e., U(x) € Spin^ 3 ~ S1(2,C). Under a local Lorentz transformation the fields 
transform as 

6» a i ► e' a = ue a u- x = Al0 h , 

c a ~ u£ = A*^ d (A-X + A^dA-X, (22) 
4> A i — * fi A = U(b A U-\ 

where A^(x) <E SO^ 3 . In our formalism it is a triviality to see that C m (9 a , wg, <f>) 6 
sec A T*M secC£(Af, g) is invariant under local Lorentz transformations. 
Indeed, since r g = 6» 5 = 6°9 1 6 2 9 3 £ sec f\ A T*M secC£(Af,g) commutes 
with even multiform fields, we have that a local Lorentz transformation pro- 
duces no changes in C m , i.e., 

£ m (# a ,^ a ,0) h-> ttC^.c^Er 1 =£ TO (fl a ,«g,^). (23) 

However, this does not implies necessarily that the variation of the Lagrangian 
density C m (8 a , w a , <j>) obtained by variation of the fields (9 a , u> a , 4>) is null, since 

S v C rn = C m {9 a + d v O a ,uj a + d v tu a ,0 + S v <j)) - £ m (9 a ,u a ,0) ^0, (24) 

unless it happens that for an infinitesimal Lorentz transformation, 

C m (0 a + d v 9 a ,uj a . + d v Lu a ,(f> + 8 v <i>) 

= L m {U9 a U-\ Uuj^U-^UcbU- 1 ) = UCnlJ- 1 = C m . (25) 

10 The Lagrangian density for the {6> a } for the case of General Relativity is recalled in 
Section 5. 
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In what follows we suppose that the Lagrangian of the matter field is invari- 
ant under local Lorentz transformation i.e., 5 v C m = 0. Also C m depends on 
the 9 a and cjg, but not on d9 a and duj a (minimal coupling) Then, &f = ^J=$t 



and 4^- = T5%r and we can write 



^A^+^A^f + ^A*^ 
cw a ouj a 



(26) 



where Sa are the Euler-Lagrange functionals of the fields 4> A . 

As we just showed above the action of any Lagrangian density is invariant 
under diffeomorphisms. Let us now calculate the total variation of the La- 
grangian density £ m , arising from a one-parameter group of diffeomorphisms 
generated by a vector field £ € sec TM and by a local Lorentz transformation, 
when we vary f? a , uj^, (f> A , d(f> independently. We have 

6C m — S v C m — £^C m . (27) 

Under the (nontrivial) hypothesis [5TJ [TJ] that 8 v C m = 0, 

8L m = -£ t L m = - * T a A £f.6 a - A £^1 - *S A A £^ A , (28) 

where we have: 

Definition 9 The coefficients of S9 a = ~£^d a , i.e. 

*T Q = ^iescc/\ T*M (29) 

are called the energy-momentum densities of the matter fields, and the T a G 
sec are called the energy-momentum density 1-forms of the matter 

fields. The coefficients of Slo^, i.e., 

rlT 3 

*J* = ^ esec/\ T*M, (30) 

are called the angular momentum densities of the matter fields. 

Taking into account that each one of the fields <p A obey a Euler-Lagrange 
equation, = 0, we can write 

J £ i C m = J *T a A £ ? a + A £ ? w a (31) 

Now, since all geometrical objects in the above formulas are sections of the 
Clifford bundle, we can write 

£(:9 a = C^d9 a + d(e^ a ). (32) 



11 We discuss further the issue of local Lorentz invariance and its hidden consequence in 

eh us. 



J See example of the electromagnetic field in Appcndice B. 
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Moreover, recalling also Cartan's first structure equation, 

d9 a + uu a A 9 b = 9 a , (33) 

we get 

£^e a = c j© a - C-i (w£ A 0h ) + d (C^ a ) 

= D(rj6» a )+rje a -(r-w a )6» b , (34) 

where D is the covariant exterior derivative of indexed p-form fields (for details, 
see, e.g., [3 [55]). To continue we need the following 

Proposition 10 Let lu be the 4x4 matrix whose entries are the connection 
1-forms. For any x € M, the matrix with entries £* jW b € spin^ 3 ~ sl(2, C) = 
sof 3 belongs to the Lie algebra of Spin\ 3 {or of SO^ 3 ). 

Proof. Recall that at any x £ M any infinitesimal local Lorentz transformation 
A b (x) £ SOI ,3 can be written as 

Ab = ^b + Xb, IXbl«l, 

Xab = -Xba- (35) 

Now, writing = L a h 9 c we have 

= e c i a b (36) 

and the £* • w a b satisfy 

C ■ ^ab + C ■ ^ba = £ C (£acb + L b ca) = 0, (37) 

since in an orthonormal basis the connection coefficients satisfy L a cb = —L bca . 
We see then that we can identify if |£ c | <C 1 

X a =r-^ b (38) 

as the generator of an infinitesimal Lorentz transformation, and the proposition 
is proved. ■ 

Now, the term (£* • cu^) 9 h has the form of a local vertical variation of the 
9 a and thus we write 

5 v ff* := (C ■ w a ) 6 b (39) 
Using Eg. ((39)) we can rewrite Eq. (|34|) as 

£^9 a = D($* -9 a ) +C^ a -S v 9 a . (40) 

We see that £^9 a = —5 v 9 a only if we have the following constraint 

D(£* -9 a ) + C j6 a = 0. (41) 
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A necessary and sufficient condition for the validity of Eq. (|4"Tj) is given by 
Lemma [T"2l below. 

Now, let us calculate £^ui^. By definition, 

^ w § = r-'(<K)+d(r-w£) 

= rX^b) - (C ■ ^ c a K + (c ■ w£K + d(C • w£), (42) 

where in writing the second line in Eq. (j4"2"|) we used Cartan's second structure 
equation, 

dwg+w*Aw§=7Z£. (43) 

Under an infinitesimal Lorentz transformation A = 1 + %, recalling Eq. (|22p . we 
can write 

S v uj = -dx + - ^x, (44) 
which using Eq.([38|) gives for Eq.(l42]) 

£ c w£=r->(H£)-*t,wg (45) 
Now, for a vertical variation, 

j v S,C m := fur A f= + « A g= + ^ A |j. (46) 

Then, if we recall that we assumed that J S v C m = and if we suppose that the 
field equations are satisfied, i.e., *Eyt = = 0, Eq. (f3"T|) becomes, 

£^£"rn 

J [-D(r • n - (r ^© a )+<5^ a ] a *r a 

+ 1 [-r-.(rc£) + a„w£]A*j£ 

= | *r a a (e^e 11 ) + *j a b a (rx^) - D[*r a (f • « a )] + (D*r a )(f-fl a )) 

(47) 

= y*r a A(r J e a )+*j^A(r^) + (D*r a )(r-n) ! (48) 

where we used also the fact that D[(£* • 6» a ) * T a ] = • 6< a ) * T a ], that 

*^"a| a( / = and 

f d[(C -0 a )*T & }= f (C-e a )*T a = (49) 

J[7 JdU 

Now, writing £* = £ a 6* a = £ a 6* a , and recalling that the action is invariant 
under diffeomorphisms (if as usual WG SUppOSC that -^ml^f/ 

= 0), we have, 

J -sc m = J £ s c m = [*r a A (^e a ) + *jg a (9cJR%) + d*t c ] r = o, 

(50) 
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and since the £ c are arbitrary, we end with 

D*T C + *r a A (6> c j9 a ) + *J£ A (9 c jR%) = 0. (51) 

Also, using the explicit expressions for 6 v 8 a and 5 v oj^ (Eq. ([39|) and Eq. ([45]) ) 
in Eq. (fI5)) we get, 

J *T a Ax£0 b + *J b A ( X >t - ^c a X c b - dxl) 

= J i (*r a A0 b - *r b A^ a ) -d*j£-^A*j£-*j° auS 

and since the coefficients Xb are arbitrary we end with 

D * J a + \ (*T b A6» a - *T a A6» b ) = 0. (53) 

Eq. (15ip and Eq. (|53|) are known as covariant conservation laws and first ap- 
peared in this form in 6 . They are simply identities that follows from the 
hypothesis utilized, namely that the Lagrangian density of the theory is in- 
variant under diffeomorphisms and also invariant under the local action of the 
group Spin^ 3 . Eq.fBTj) and Eq. ([53|) do not encode genuine conservation laws 
and a memorable number of nonsense affirmations have been generated along 
the years by authors that use those equations in a naive way. Some examples 
of the these affirmations are recalled in the specific case of Einstein's theory in 
Section 5 1551. 



Xb = 0, (52) 



4 When Genuine Conservation Laws Do Exist? 

We recall now the crucial result that when the Riemann-Cartan spacetime 
(M, g, V,r g ,T) admits symmetries, then Eq. (f5"T|) and Eq. (|5"3"| can be used, as 
first shown by Trautman [571 [551 IMj, for the construction of closed 3- 
forms, which then provides genuine conservation laws involving only the energy- 
momentum and angular momentum tensors of the matter fields. In the remain- 
ing of the section we recall these results following [6]. 

Proposition 11 For each Killing vector field £ 6 sec TM, such that £^g = 
and £^Q = 0, where = e a £g) a is the torsion tensor of V, and a the 
torsion 2- forms, we have 

d [(f • a ) *T a + (0 b ■ L £ a ) * J b ] = 0, (54) 

where = f j D + Di^ is the so called Lie covariant derivative. 

In order to prove the Proposition 11 1[ some preliminary results are needed. 

Lemma 12 £^6 a = —SyQ 3 - and £^oj^ = S v u!^ if and only if £^g = and 
£ S Q = 0. 
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Proof. Let us show first that if £^9 a = —8 v 9 a then £^g = 0. We have 

As = ^ (£^ a ) ®e h + Vah 9 a ® (£^e b ). (55) 

On the other hand, since g is invariant under local Lorentz transformations, we 
have 

Svg = ??ab (M a ) ® e h + Vab 9 a ® (s v e b ) = o. (56) 

Then, it follows from Eqs.dMD and (55) that if £^9 a = -S v 9 a then £ e g = 0. 
Taking into account the definition of Lie derivative we can write 

£ ? e a = x b e b , £^9 a = ^ a # b , 

=-[e a (e b )+« m ] (57) 

Now, if £ ? g = we have from Eq.(55]) that (r?cb< + ?7ac^£) # a ® # b = 0, 

i.e., 

>^ab + Xba = 0, (58) 
and then it follows that for any x £ M, xr a b G spin^ 3 . Using Proposition ITD1 we 
can write = — Xb = ~£* ' w b an< ^ then the vertical variation can be written 
as S v 9 a = ~£ i 9 a . 

The proof that if £^ b = 8 v uj^ then £ ^O — is trivial. In the following we 
prove the reciprocal, i.e., if £^<d — then £^ui b — S v lu^. We have, 

£ ( e = £ ( e a ® 6 a + e a ® £ s O a (59) 

Then, if £^<d = we conclude that 

£^e a = <6 b , (60) 

which is an infinitesimal Lorentz transformation of the torsion 2-forms. On the 
other hand, taking into account Cartan's first structure equation, Eq. (|57p . and 
the fact that £^d0 a — d(£^9 a ) 1 we can write 

£^ a = £ i d9 a + £(.u a A 9 h + uj a A £^9 h 

= d (x a 8 b ) + £^1 A9 b +^A x b 9 c 

= d A d h + >cld6 h + £ c wg A 9 h + >c b uj a A 9 b . (61) 

Also, using Eq. lfoT))) we have 

£ 5 9 a = >c a d9 b + x b ul A 9 C . (62) 

From Eqs.lEJ) and ([521 it follows that £cuj a A 9 b = m^oj* A 9 b - ^ b w a A 9 b - 
d«)A6» b , or 

£^ a = K a ul - *gu£ - dnl (63) 
Thus, recalling Eq. (f44"|) we finally have that £(y> b = 8 v ui b . ■ 

Corollary 13 For any x € M, 9b ■ L^0 a is an element o/spin^ 3 , if and only 
if, = o. 
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Proof. The Lie covariant derivative of 9 a is given by 
L 5 (9 a =f j m a + D {C ■ e a ) 

= c j (d9 a + u a A e h ) +d(c ■ e a ) + tu & (c ■ e h ) 

= £^ + (c ■ ui)e h - (c • # b K + < (r • h ) 
= ^ a + (r^ a )e b 

= K + r-^)0 b , (64) 

where we put £^9 a = x a < 9 b . Then, 

e b -L^e a = x a + e ui. (65) 

Now, we have already shown above that for any x € M, the matrix of the £* • uj^ 
is an element of spinj 3 and then, 9 b ■ L^0 a will be an element of spin^ 3 if and 
only if the matrix of the X s , is an element of spin^ 3 . The corollary is proved. ■ 

Lemma 14 // £^g = and £^Q = then we have the identity 

D (0 b • L^ a ) + C j Kl = 0. (66) 

Proof. Using the definitions of the exterior covariant derivative and the Lie 
covariant derivative we have 

D (0 b • L^ a ) = d (6 h ■ L 6 9 a ) + ul(6 c ■ L^ a ) - uj a (9 b ■ L^ c ) 
= d{9 h -[£^9 a + (C -^d*}} 

+ {e d -[£^ + (c -^)e c }}^ 
-{e b -[£ ( e d + (e-^)9 c }}cu a , 

i.e., 

D (9 h ■ L^ a ) = £^ a - T -J (dug + A w§) (67) 
+ d(9 h ■ £ s 9 a ) + ljI(9 c ■ £^9 a ) - (9 h ■ £ c 6 c )u*. 

If, £^g = 0, then for any x € M, 9 b ■ £^9 a € spinj 3 and the second line of 
Eq. foT)) is an infinitesimal Lorentz transformation of the lo^. If besides that, also 
£^<d = then £^U) b — S v uj a and then the first term on the second member of 
Eq. fo 7 ?)) cancels the term in the second line. Then, taking into account Cartan's 
second structure equation the proposition is proved. ■ 

Proof. (Proposition Hip . We are now in conditions of presenting a proof of 
the Proposition QT] In order to do that we combine the results of Lemmas [T2l 
and[T4l with the identities given by Eqs. (f5Tj) and (|53j) . We get, 

d[(r-o*r a ] = D[(r -o*r a ] 

= D(r ■ 9 a ) A *T a + (C ■ 9 a )T> *r a 

= L 6 9 a A *T a - (C j6 a ) A *T a + (C ■ 9 a )D*T a , 
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i.e., 

d[(C ■ a ) * T a ] = L c a A *T a - *Jg A (r^a) • (68) 

Observe now that if A S sec A 1 TM ^ secC£(M, g) then, a A (0 a ■ A) = A. 
This permits us to write Eq. (f6"8"|) as 

d[(C ■ a ) *T a ] = - (0b • L^ a ) A *T a A b — A (r^ a ) • (69) 

If i^g = 0, we have by the Corollary of Proposition [12] that for any x € M, 
0b ■ L£0 a G spinj 3 . In that case, we can write Eg. (f6"9"| as 

d[{C ■ n *r a ] = -i (0b • L^ a ) a [*r a a e h - *r b a e a ] - *j a a (r^ a ) 

= - (0 b ■ L ? a ) A D * J b - *J a A (r^ b ) ■ (70) 
On the other hand, if £^0 = 0, in view of Proposition [14] we can write 

d[(C ■ a ) * T a ] = -D (0 b • M a ) A *J b - (0 b • M a ) A D * J b 

= -D[ (0b • M & ) A *J b ] = -d[ (0b • L c 6» a ) A *J b ]. (71) 
Finally, if £^g = and £^0 = we have 

d[{C ■ n *T a + (0 b • M a ) A *J b ] = 0, 
which is the result we wanted to prove. ■ 

5 Pseudo Potentials in General Relativity 

As we already said, in Einstein's gravitational theory (General Relativity) each 
gravitational field is modelled by a Lorentzian spacetime 971 = (M, g, D, r g , | 
). The 'gravitational field' g is determined through Einstein's equations by 
the energy-momentum of the matter fields <j> A , A — 1,2,..., to, living in 971. 
As shown in details in, e.g., [53] [55] Einstein's equations can be written us- 
ing the Clifford bundle formalism in terms of the fields a € sec /\ T*M ^ 
secC£(M, g), where {0 a } is an orthonormal basis of T*M as 

- (d ■ d)e a + a a (d ■ a ) + dj(d a a ) + ir0 a = r a , (72) 

where d = a D Ba is the Dirac operator acting on sections of the Clifford bundle. 
An explicit Lagrangian giving that equation 13 !, which differs from the original 
Einstcin-Hilbert Lagrangian 14 ! by an exact differential is 

C g = - id0 a A *d0 a + i(50 a A *£0 a + i (d0 a A a ) A * (d6 b A b ) . (73) 

13 Eq, l|73J I is equivalent to a Lagragian density first introduced by [37] . 

14 Recall that the Einstein-Hilbert Lagrangian density is Ceh = 5^ T g = A *(9 C A d ) 

and Ceh = £g - d{d & A *d0 a ). 
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The total Lagrangian density of the gravitational field and the matter fields 
can then be written as 

C = C g +C m , (74) 

where £ m (9 a , d8 a , <p A , d(f> A ) is the matter Lagrangian. 

Now, variation of C with respect to the the fields 9 a yields after a very long 
calculation (see, e.g., [53]) the following Euler-Lagrange equations 

-^' = ik + im:)=* t ° +d * s '=-* r °' <75) 

where G a = (K a - \R6 a ) £ sec A* T*M ^ C£(T*M,g) are the Einstein 1- 
forms, K a = R^9 b £ sec/^T*^! ^ C£(T*M,g) are the Ricci 1-forms, R is 
the scalar curvature, *T a = ^ G sec A 1 T*M CI (T*M, g) are the energy- 
momentum 1-forms of the matter field^3, and where 



* sc = ^f = ^ ab A * (0a A 0b A 0C) e scc A 2 T * M ^ ci ( T * M ' g ) ' 

BC 1 

^° = ~~^7T~ = - o u ab A [«| A *(6> a A 9 h A 6> d ) + a; j A *(6» a A 6» d A 6» c )] (76) 
cw a 2 

G sec /\ 3 T*M ^ « (T*M, g) . 

The proof that the second and third members of Eq.(|75|) are equal follows 
at once from the fact that the connection 1-forms of the Levi-Civita connection 
of g can be written as it is trivial to verify as 



cd 



1 



2 

and that 



[6> d _,d6> c - 6 c jd8 d + 6> c j (6» d jd6» a ) 6 a ] , (77) 



*G d = -T^ab A*(6» a A6> b A6> d ). (78) 
Indeed, we can write 

^ab A *(6 a A 6 h A # d ) = -i * [ft abJ (f? a A b A d )] 

- -^abcd * [(^ C A d )j(0 a A 6 b A d )] 

= -*(7e d - ii?6» d ). (79) 



15 Recall that due to our conventions in the writing of Einstein equations the true physical 
energy-momentum densities are *T a = — * T a . The objects *i a and d * S a are more easily 
found by variation of Ceh instead of the variation of C g , which of course, give the same 
equations of motion. 



17 



On the other hand we have, 



-2 * g d = dw ab A *(6» a A 6> b A 6> d ) + w ac Au^A *(<9 a A 9 h A 6> d ) 
= d[w ab A *(0 a A 6> b A 9 d )} + u: ab A d * (6> a A 6> b A 6> d ) 
+ w ac A u; b A *(6> a A 6> b A 6> d ) 

= d[w ab A *(6» a A (9 b A 6» d )] - w ab A w a A *(<9 P A 6 b A d ) 
- w ab A u[] * (6> a A 9 P A d ) - w ab A ujj A *(6> a A 6> b A 9 P )} 
+ u) ac A u b A *(<9 a A 6 h A 6> d ) 

= d[u ab A *(<9 a A 6» b A <9 d )] - u ab A [u d A *(6» a A 6> b A 6» p ) 
+ u b A *(0 a A 6» p A6» d )] 

= 2(d*S d + *t d ). (80) 

Now, we can write Einstein's equation in a very interesting, but dangerous 
forrrPl i.e.: 

-d*S a = *T a + *t a . (81) 

In writing Einstein's equations in that way, we have associated to the gravita- 
tional field a set of 2-form fields *<S a called superpotentials that have as sources 
the currents (★T a + *i a ). However, superpotentials are not uniquely defined 
since, e.g., superpotentials (*6> a + *a a ), with *a a closed, i.e., d*a a = give 
the same second member for Eq. (|STj) . 

5.1 Is There Any Energy-Momentum Conservation Law 
in GRT? 

Why did we say that Eq. (f8"Tj) is a dangerous one? 

The reason is that if we are ignorant of the discussion of the previous section 
we may be led to think that we have discovered a conservation law for the energy 
momentum of matter plus gravitational field, since from Eq. (|8ip it follows that 

d(*T a + *t a ) = 0. (82) 

This thought however is only an example of wishful thinking, because the *i a 
depends on the connection (see Eq . 1(75)1 ) and thus are gauge dependent. They 
do not have the same tensor transformation law as the *T a . So, Stokes theorem 
cannot be used to derive from Eq. (]82[) conserved quantities that are independent 
of the gauge, which is clear. However — and this is less known — Stokes theorem 
also cannot be used to derive conclusions that are independent of the local 
coordinate chart used to perform calculations [S]. In fact, the currents *i a are 
nothing more than the old pseudo energy-momentum tensor of Einstein in a 
new dress. Non recognition of this fact can lead to many misunderstandings. 

16 Eq, ]81H is known in recent literature of GR as Sparling equations ?? because it appears 
(in an equivalent form) in a preprint ?? of 1982 by that author. However, it already appeared 
early, e.g., in a 1978 paper by Thirring and Wallner |64| . 
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We present some of them in what follows, in order to call our readers' attention 
of potential errors of inference that can be done when we use sophisticated 
mathematical formalisms without a perfect domain of their contents, 
(i) First, it is easy to see that from Eg. ([75| it follows that [33] 

D*0 = D*X = O, (83) 

where *<5 = e a ® *£ a G sec TM ® sec A 3 T*M and *X = e a <g> *T a G sec TM ® 
sec /\ 3 T*M and where 

:=e a «)D*5 a , D*X = e a (g)D*T a (84) 

and D is the exterior covariant derivative of index valued forms ([HISS])- Now, 
in [33] it is written (without proof) a 'Stokes theorem' 



4-cubc 



3— boundary 
of this 4-cubc 



(85) 



Not a single proof (which we can consider as valid) of Eq. (|85|) which appears 
also in many other texts and scientific papers as, e.g., in |11[I73| has been given 
in any paper we know. The reason is the following. The first member of Eq. (|85p 
is no more than 

J e a (g)(d*T a + u; a A*T b ). (86) 

4-cubc 

Thus it is necessary to explain what is the meaning (if any) of the integral. 
Since the integrand is a sum of tensor fields, this integral says that we are 
adding tensors belonging to the tensor spaces of different spacetime points. 
As it is well known, this cannot be done in general, unless there is a way of 
identifying the tensor spaces at different spacetime points. This requires, of 
course, the introduction of additional structure on the spacetime representing a 
given gravitational field, and such extra structure is lacking in Einstein theory. 
We must conclude that Eq. (|85|) do not express any conservation law, for it lacks 
as yet, a precise mathematical meaning. 

In Einstein theory possible superpotentials are, of course, the *iS a that we 
identified above (Eq. (f76|) ). with 



*S c = [-co !lb j(6 !l A9 b A6 c )]6 5 . 



(87) 



Then, if we integrate Eq. (|8ip over a 'certain finite 3-dimensional volume', 
say a ball B, and use Stokes theorem we haveP^I 



pa 



1 



B B dB 



*s a 



17 The reason for the factor 87r in Eq. (1881 1 is that we choose units where the numerical value 
gravitational constant 8nG/c 4 is 1, where G is Newton gravitational constant. 
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In particular the energy or (inertial mass) of the gravitational field plus 
matter generating the field is defined by 

P° = E = mi = — lim [ *S°. (89) 

8tt fi— oo J 
OB 

(ii) Now, a frequent misunderstanding is the following. Suppose that in a 
given hypothetical gravitational theory there exists an energy-momentum con- 
servation law for matter plus the gravitational field expressed in the form of 
Ea J82l> . where T a are the energy-momentum 1-forms of matter and t a are 
trwa 18 ! energy-momentum 1-forms of the gravitational field. This means that 
the 3-forms (*T a + *i a ) are closed, i.e., they satisfy Eq. ([82| . Is this enough 
to warrant that the energy of a closed universe is zero? Well, that would be 
the case if starting from Eq.([82|) we could jump to an equation like Eq. ([8"Tjl 
and then to Eq. ([89|) (as done, e.g., in [64]). But that sequence of inferences in 
general cannot be done, for indeed, as it is well known, it is not the case that 
closed three forms are always exact. Take, for example, a closed universe with 
topology RxS* 3 . In this case B = S 3 and we have dB = OS 3 = 0. Now, as it 
is well known (see, e.g., [41]), the third de Rham cohomology group of RxS 13 
is H 3 (RxS 3 ) = H 3 (S 3 ) = E. Since this group is non trivial it follows that in 
such manifold closed forms are not exact. Then from Eq. ([82|) it did not follow 
the validity of an equation analogous to Eq. (|8ip . So, in that case an equation 
like Eq. |88|) cannot even be written. 

Despite that commentary, keep in mind that in Einstein's theory the 'energy' 
of a closed universal supposed to be given by Eq. ([89| is indeed zero, since in 
that theory the 3-forms (*T a + *i a ) are indeed exact (see Eq. (j8T|) ) . This means 
that accepting i a as the energy-momentum 1-form fields of the gravitational 
field, it follows that gravitational energy must be negative in a closed universe. 

(iii) But, is the above formalism a consistent one? Given a coordinate chart 
with "Cartesian" like coordinates {x^} of the atlas of M, with some algebra 
(left as exercise to the reader) one can show that for a gravitational model 
represented by a diagonal asymptotic flat metric^, the inertial mass E = mi is 
given by 

1 f x- d 

mi = -— lim / — T —{giig229^9 ir )r 2 dVL 1 (90) 

l07T r— >oo J r OX-) 
dB 

where dB = S 2 (r) is a 2-sphere of radius r, gijX^ — X4 and dQ, is the element of 
solid angle. If we apply Eq. (|9"0]) to calculate, e.g., the energy of the Schwarzschild 
space timj^l generate by a gravitational mass to, we expect to have one unique 



18 This means that the t a in the hypothetical theory are not i pseudo 1-forms, as is the case 
in Einstein's theory. 

19 Note that if we suppose that the universe contains spinor fields, as we indeed did, then it 
must be a spin manifold, i.e., it is parallelizablc according to Geroch's theorem 12 1 1 . 

20 A metric is said to be asymptotically flat in given coordinates, if = n^„(l + (r — 
with k = 2 or k = 1 depending on the author. See, e.g., | 58l 1591 [74] . 

21 For a Schwarzschild spacetime we have g = (l — ^) dt (g> dt — (l — ^r-)" 1 dr (g> dr — 
r 2 (d6 ® dd + sin 2 6 dip g> dip). 
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and unambiguous result, namely mi = m. 

However, as shown in details, e.g., in [8] the calculation of E depends on 
the spatial coordinate system naturally adapted to the reference frame Z — 
—j===j^ , even if these coordinates produce asymptotically flat metrics. 

Then, even if in one given chart we may obtain mi = m there are others where 
mi 7^ mF^I 

Moreover, note also that, as shown above, for a closed universe Einstein's 
theory implies on general grounds (once we accept that the i a describes the 
energy- momentum distribution of the gravitational field) that mi = 0. This 
result — it is important to quote — does not contradict the so called "positive 
mass theorems" of, e.g., references [S51 [SHI EI], because those theorems refer 
to the total energy of an isolated system. A system of that kind is supposed 
to be modelled by a Lorentzian spacetime having a spacelike, asymptotically 
Euclidean hypersurface0 However, we emphasize, although the energy results 
positive, its value is not unique, since depends on the asymptotically flat coor- 
dinates chosen to perform the calculations, as it is clear from the elementary 
example of the Schwarzschild field commented above and detailed in [5]. 

In a book written in 1970, Davis [13] said: 

"Today, some 50 years after the development of Einstein's generally covariant 
field theory it appears that no general agreement regarding the proper formula- 
tion of the conservation laws has been reached." 

Well, we hope that the reader has been convinced that the fact is: there 
are in general no conservation laws of energy- momentum in General Relativity. 
Moreover, all discourses (based on Einstein's equivalence principle 1^1 concerning 
the use of pseudo-energy momentum tensors as reasonable descriptions of energy 
and momentum of gravitational fields in Einstein's theory are not convincing. 

And, at this point it is better to quote page 98 of Sachs&Wu [57] : 

"As mentioned in section 3.8, conservation laws have a great predictive power. It 
is a shame to lose the special relativistic total energy conservation law (Section 
3.10.2) in general relativity. Many of the attempts to resurrect it are quite 
interesting; many are simply garbage." 

In GRT — we already said — every gravitational field is modelled (module 
diffeomorphisms and according to present wisdom) by a Lorentzian spacetime. 
In that particular case, when this spacetime structure admits a timelike Killing 
vector, we may formulate a law of energy conservation for the matter fields. 
Also, if the Lorentzian spacetime admits three linearly independent spacelike 

22 This observation is true even if we use the so called ADM formalism S . To be more 
precise, let us recall that we have a well defined ADM energy only ifthe fall off rate of the 
metric is in the interval 1/2 < k < 1. For details, see 1401 . 

23 The proof also uses as hypothesis the so called energy dominance condition |23| . 

24 Like, e.g., in |4"1 |49||3"4") and many other textbooks. It is worth to quote here that, at least, 
Anderson 4_ explicitly said: " In an interaction that involves the gravitational field a system 
can lose energy without this energy being transmitted to the gravitational field." 
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Killing vectors, we have a law of conservation of momentum for the matter 
fields. 

This follows at once from the theory developed in the previous section. In- 
deed, in the particular case of General Relativity, the Lagrangian density of 
the matter field is not supposed to be explicitly dependent on the u^. Then, 
= in Eq.dMI) and writing T(£) = it becomes d*T(£) = 0, or 

5T(0 = 0. (91) 

The crucial fact to have in mind here is that a general Lorentzian spacetime, 
does not admit such Killing vectors in general, as it is the case, e.g., of the 
popular Friedmann-Robertson- Walker expanding universes models. 

At present, the authors know only one possibility of resurrecting a trust- 
worthy conservation law of energy-momentum valid in all circumstances in a 
theory of the gravitational field that resembles General Relativity (in the sense 
of keeping Einstein's equation) . It consists in reinterpreting that theory as a field 
theory in flat Minkowski spacetime. Theories of this kind have been proposed in 
the past by, e.g., Feynman [TH], Schwinger [50], Thirring [53] and Weinberg [75J 
among others and have been extensively studied by Logunov and collaborators 
in a series of papers summarized in the monographs [551 IM] and also in [55] [55] . 



6 Is there any Angular Momentum Conserva- 
tion law in the GRT 

If the {# a } and the {ui^} are varied independently in the Einstein-Hubert La- 
grangian then, as it is easy to verify we get the additional field equation^! 

D*0 ab = J ab (92) 

From this equation we get immediately 

d*9l = J a - ul A *6> a + *0§ A w a (93) 

and one is tempted to define = (w£ A *# a + *6> b A w a ) as the density of spin 
angular momentum of the gravitational field and the (total) angular momentum 
of the system as 



K ■■= / *<%■ (94) 
Js 2 

This definition, of course, has the same problems as the definition of energy 
in the GRT because S b is gauge dependent. 



5 (9 ab = a A £? b is known 1611 as Bramson Q5] superpotential 
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7 Conservation Laws in the Teleparallel Equiv- 
alent of General Relativity 

We observe that recently it was claimed |12) a valid way of formulating a genuine 
energy-momentum conservation law in a theory equivalent to General Relativity. 
In that theory, the so-called teleparallel equivalent of General Relativity theory 
[50] , spacetime is teleparallel (or Weitzenbock) , i.e., has a metric compatible 
connection with non zero torsion and with null curvaturd 2 ^!. However, the claim 
of [12] is investigated in more detail below. Indeed, we have two important 
comments (a) and (b) concerning this issue. 

(a) First, it must be clear that the mathematical structure of the teleparallel 
equivalent of General Relativity consists in the introduction of: (i) a bilinear 
form (a deformed metric tensor) g = rj ab 9 a ® & b and (ii) a teleparallel connec- 
tion in a manifold M ~ R 4 (the same which appears in the Minkowski spacetime 
structure). Indeed, taking advantage of the the discussion of the previous sec- 
tions, we can present that theory with a cosmological constant term as follows. 
Start with the Lagrangian density £' = C g + C m , wherd^l 



C' g = ~d0 a A *d0 a + ^S9 a A *S6 a + - (d9 a A a ) A* (d9 b A b ) 
and write it (after some algebraic manipulations) as 



1 



1 



-d6 a A * 



1 



d6 a — 9 a A {6 b jd6 b ) + - * a A *(d0 b A b ) 



= -irffT A *( (1) d0 a - 2^d6 a - i {3) d6 a ) + ^m 2 9 a A *0 a , 



a A*0 a 

. A*0 a 
(95) 



where 



d9 a d0 a + (2) d0 a + (3) d9 a , 
{1 Ue a = d9 a -( 2) d9 a d0 a , 

o 

(3)d6» a = -- * (0 a A *(d0 b A b )). 



(96) 



Next introduce a teleparallel connection by declaring that the cobasis {0 a } fixes 
the parallelism, i.e., we define the torsion 2-forms by 



and C' g becomes 



C' 



-e a a 



6 a := d6 a 7 



(l)@a _ 2 (2)e a - _ ( 3 )e s 



(97) 



1 



+ 7:m 2 e a A *0 a , (98) 



26 In fact, formulation of teleparallel equivalence of General Relativity is a subject with an 
old history. See, e.g., l2il l26l [Ml l32l 172) . 
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Field equations in Maxwell like form for F a = d(9 a are presented in |43| . 



23 



where ^Q a =W d9 a , ( ^O a =^ d9 a and ^e a =( 3 ) d9 a , called tractor (four 
components), axitor (four components) and tentor (sixteen components) are 
the irreducible components of the tensor torsion under the action of SOf 3 . 

(b) Recalling the results of the previous sections we now show that even if 
the metric of a given teleparallel spacetime has some Killing vector fields there 
are genuine conservation laws involving only the energy-momentum and angu- 
lar momentum tensors of matter only if some additional condition is satisfied. 
Indeed, in the teleparallel basis where V ea eb = and [e m , e n ] = c^ n e a we have 
that the torsion 2-forms satisfies 

e a = de a = -^j" 1 a e n = ^T^ n e m a e n . (99) 

Then, recalling once again that £ ? (d6> a ) = d(£/:6 a ) = d(x^9 h ) and Eq.(f57J) we 
can use Eq. lptJ)) (which express the condition £^Q = 0) to write 

d«0 b ) = x%d9 b : (100) 

which implies 

dx a Ad b = 0. (101) 

Then, Eq. (|10ip is satisfied only if the torsion tensor of the teleparallel spacetime 
satisfy the following differential equation: 

7T d e m (n + e d (£ m T b a m ) - e b (rT d a m ) = 0. (102) 

Of course, Eq. (|102[) is in general not satisfied for a vector field £ that is 
simply a Killing vector of g. This means that in the teleparallel equivalent of 
General Relativity even if there are Killing vector fields, this in general do not 
warrant that there are conservation laws as in Eq. (|54[) involving only the energy 
and angular momentum tensors of matter. 

Next, we remark that from C' g we get as field equations (in an arbitrary 
basis, not necessarily the teleparallel one) satisfied by the gravitational field the 
Eq.dHU), i.e., 

-d*s a = *r a + *t a , (103) 

with 

★t a = *t a + m 2 *9 a 

and S a and t a given in Eq. (|76|) where it must also be taken into account that in 
the teleparallel equivalent of General Relativity and using the teleparallel basis 
the Levi-Civita connection 1-forms lu^ there must be substituted by — k^, with 

« cd = -- [6 d jd9 c - 9 c jd9 d + (9 c 49 d jd9 a )) 9 a ] 

= -~ [6» d j9 c - 6> c j9 d + (6» c j((9 d je a )) 9 a ] , (104) 
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where = K^ C 9 C , with K£ c the components of the so called contorsion tensor. 
We have, 

* t c = ^Kab A [«| A *(<9 a A 6> b A C ) + n h A A *(6> a A 9 b A 6» c )]. (105) 

Under a change of gauge, <9 a i-> 6>' a = C/6» a C/ = A a 6» b ([/ € secSpinf j3 (M) ^ 
C£(M,g), A a (a;) € S0^ 3 , Vie M), we have that 9 a i-> 9' a = A a 9 b . It 
follows that the t^, which are the components of the energy- momentum 1-forms 
t a = t^9 b defines a tensor field. 

We then conclude that for each gravitational field modelled by a particular 
teleparallel spacetime, if the cosmological term is null or not there is a conserva- 
tion law of energy-momentum for the coupled system of the matter field and the 
gravitational field which is represented by that particular teleparallel spacetime. 
Although the existence of such a conservation law in the teleparallel spacetime is 
a satisfactory fact with respect of the usual formulation of the gravitational the- 
ory where gravitational fields arc modelled by Lorcntzian spacetimes and where 
genuine conservation laws (in general) does not exist because in that theory the 
components of t a defines only a pseudo-tensor, we cannot forget observation (a): 
the teleparallel equivalent of General Relativity consists in the introduction of: 
(i) a bilinear form (a deformed metric tensor) g = rj ei \ 3 9 a -®9 b and (ii) a telepar- 
allel connection in the manifold M ~ E 4 of Minkowski spacetime structure. The 
crucial ingredient is still the Einstein- Hilbert Lagrangian density. 

Finally we must remark that if we insist in working with a teleparallel space- 
time we lose in general the other six genuine angular momentum conservation 
laws which always hold in Minkowski spacetime. Indeed, we do not obtain in 
general even the chart dependent angular momentum 'conservation' law of GRT. 
The reason is that if we write the equivalent of Eq. (fSTj) in a chart (U, <p) with 
coordinates {a; M } for U C M we did not get in general that dx^ A**" = dx v A*** 4 , 
which as well known is necessary in order to have a chart dependent angular 
momentum conservation law |63j . 

8 Conclusions 

We recall that the problem of the conservation laws of energy-momentum and 
angular momentum in GRT occupied the mind of many people since Einstein 
|15j introduced the so called energy-momentum pseudo-tensor in 1916. Be- 
sides those papers that already have been quoted above it is worth to cite also 

[a ma na iia ng ish isi usi bsi szi bsi i^i issi issi Eg, which— summed 

with the quote of [57) presented in Section 5 — have been the inspiration for the 
present work, where we recalled (a) under which conditions there exists gen- 
uine conservation laws of energy-momentum and angular momentum involving 
only the matter fields on a general RCST and (b) under which conditions there 
exists genuine conservation laws involving both the energy-momentum and an- 
gular momentum tensors of the matter and the gravitational field, when this 
latter concept can be rigorously defined. 
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Using a Clifford bundle formalism it was shown that in case (a) contrary 
to the case of GRT the simply existence of Killing vector fields is not enough, 
since a new additional condition must hold. Some examples are presented in 
Appendix B. 

Concerning case (b) our conclusion is that genuine laws involving both the 
energy-momentum and angular momentum tensors of the matter and the grav- 
itational field exist only in a field theory of the gravitational field formulated 
in Minkowski spacetime. We analyzed also a particular case of a RCST theory, 
namely the so called teleparallel equivalent of GRT [30J E3 H2] • In that the- 
ory a genuine conservation law of energy-momentum is obtained through the 
introduction of a teleparallel connection, needed to restore active Local Lorentz 
invarianccF^I. However, in the teleparallel equivalent of GRT, it is not possi- 
ble (in general) to formulate even a chart dependent conservation law for the 
angular momentum of matter or for both the matter and gravitational fields. 
Due to this fact, in our opinion it cannot be considered more general than a 
formulation of a theory of the gravitational field which uses a deformation ten- 
sor in Minkowski spacetime structure [521 143) , where the introduction of general 
connections are not needed. 

A Clifford and Spin-Clifford Bundles 

Let M. — (M, g, V, r g , X) be an arbitrary Riemann-Cartan spacetime. The 
quadruple {M, g, r g , f ) denotes a four-dimensional time-oriented and space-oriented 
Lorentzian manifold. This means that g £ sec T® M is a Lorentzian metric of sig- 
nature (1,3), r g £ sec /\ 4 (T*M) and f is a time-orientation (see details, e.g., in 
[57]). Here, T*M [TM] is the cotangent [tangent] bundle. T*M = U xeM T*M, 
TM = U xeM T x M, and T X M ~ T*M ~ M 1 ' 3 , where R 1 ' 3 is the Minkowski 
vector spacd^l. V is an arbitrary metric compatible connection, i.e., Vg = 0, 
but in general, R v ^ 0, 6 V ^ 0, R v and 6 V being respectively the curva- 
ture and torsion tensors of the connection V. When R v ^ 0, T(V) ^ 0, 
M. is called a Riemann-Cartan spacetime. When R v = 0, V ^ 0, Ai 
is called a teleparallel (or Weintzbock) spacetime. For a Lorentzian space- 
time the connection is the Levi-Civita connection D of g for which YiP ^ 0, 
B D = 0. Minkowski spacetime is the particular case of a Lorentzian space- 
time for which R D = 0, 6 D = 0, and M ~ M 4 . Let g £ sec T 2 M be 
the metric of the cotangent bundle. The Clifford bundle of differential forms 
(X(M,s) is the bundle of algebras, i.e., C£(M,g) = U xeM Ce(T*M,g), where 
Vx £ M, Ci(T*M,g) — Ki, 3, the so called spacetime algebra [SO] . Recall also 
that C£{M 1 g) is a vector bundle associated to the orthonormal frame bundle, 
i.e., a(M,g) = P SO?1 AM) X Ad Cl h3 [27J [38]. For any x £ M, Cl{T*M, g|J as 
a linear space over the real field R is isomorphic to the Cartan algebra f\T*M 

28 We recall that recently it has been shown that imposition of active local Lorentz invariance 
in theories containing, e.g., spinor fields implies in an equivalence of spacetimes with different 
curvatures and / or different torsion tensors 1 141 15 1 1 . 

29 Not to be confused with Minkowski spacetime [57] . 
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of the cotangent space. /\T*M = ®\ =G f\ k T*M, where /\ k T*M is the Q- 
dimensional space of fc-forms. Then, sections of C£(M, g) can be represented 
as a sum of non homogeneous differential forms, that will be called Clifford 
(multiform) fields. Let {e a } £ secPso c (M) (the frame bundle) be an or- 
thonormal basis for TU C TM, i.e., g(e a , e a ) = i] a h = diag(l, — 1, — 1, —1). Let 
8 a £ sec /\ X T*M ^ sec«(M,g) (a = 0,1,2,3) be such that the set {8 a } is the 
dual basis of {e a }. 



A.l Clifford Product 

The fundamental Clifford product (in what follows to be denoted by juxtaposi- 
tion of symbols) is generated by 8 a 8 b + 9 b 8 a = 2rf° and if C £ secCf(M, g) we 
have 



C = s + v a 8 a + ^f ab 8 a 8 b + ^t ahc 8 a 8 b 8 c + P 6 5 



(106) 



where T g = 8 5 = 8°8 1 9 2 8 3 is the volume element and s, v a , / a b, £ a bc, P £ 
sec /\°T*M <-> sec (Z(M, g) . 

For A r £ sec /\ r T*M ^ secfl?(M, g), B s £ sec /\ S T*M sccCf(M,g) we 
define the exterior product in C£(M, g) (Vr, s = 0, 1, 2, 3) by 



A r A B s — (_A r _B 5 ) r _|_ 5 , 



(107) 



where ( )& is the component in f\ T*M of the Clifford field. Of course, 
A r A B s = (—l) rs B s A A ri and the exterior product is extended by linearity to 
all sections of C£(M,g). 

Let A r £ sec /\ r T*M ^ secC£(M, g), B s £ sec /\ S T*M ^ sec£X(M,g). We 
define a scalar product in Ci(M, g) (denoted by •) as follows: 

(i) For a,b£ scc/\\T*M) ^ secC£(M,g), 



a ■ b = — (ab + ba) = g(a, b). 



(108) 



(ii) For A r — a\A...Aa r , B r = b\A...Ab r , a i: bj £ sec A 1 T*M-->secCf(M,g), 
i,j = 1, ...,r, 



(ai A ... A a r ) ■ (b x A ... A b r ) 
a\ ■ b\ .... ai • b r 



a r ■ b\ 



(109) 



We agree that if r = s = 0, the scalar product is simply the ordinary product 
in the real field. 

Also, if r 7^ s, then A r ■ B s = 0. Finally, the scalar product is extended by 
linearity for all sections of C£(M,g). 
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For r < s, A r = a± A ... A a r , B s = b\ A ... A b s , we define the left contraction 
j : (A r ,B s ) i— ► A r j B s by 

A r _iB s = A ... A a r ) ■ A ... A ^J^^+i A ... A 6, s (110) 

il <... <i r 

where ~ is the reverse mapping {reversion) defined by 
~ : sec«(M,g) -> sec«(M,g), 

A p e sec f\ P T*M ^ secC£(M,g). (Ill) 

We agree that for a, /3 € sec /\° T*M the contraction is the ordinary (pointwise) 
product in the real field and that if a € sec f\°T*M, A r G sec /\ r T*M, B s e 
sec/\ s T*M <—* then (a^4 r ) j B s = A r j (aB s ). Left contraction is extended by 
linearity to all pairs of sections of C£(M, g), i.e., for A, B e secC^(Af, g) 

ijB = ^(4) r j(B) s , r<s (112) 

r,s 

It is also necessary to introduce the operator of right contraction denoted by 
l. The definition is obtained from the one presenting the left contraction with 
the imposition that r > s and taking into account that now if A r € sec /\ r T*M, 
B s e scc/\ s T*M then A r l (aB s ) — (aA r ) l B s . See also the third formula in 

The main formulas used in this paper can be obtained from the following 
ones 

aB s = a j B s + a A B s , B s a = B s l a + B s A a, 

A r ^B s = (-) r(s_1) _B s l A r , 
aAB s = ^(aB s + (-) s B s a), 

A r B s — (A r B s )\ r _ s \ + (A r j B s )| r _ s _ 2 | + •■■ + {A r B s )\ r+s \ 

m 

= / J (^-rB s )\r-s\+2k) (H3) 
j4 r • B r — B r • A r = A r J _B r = A r L -B r = ( J 4r-^r)o = (^r-^r)o; 

where a € sec t\T*M ^ secC£(M,g). 
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A. 1.1 Hodge Star Operator 

Let * be the Hodge star operator, i.e., the mapping 

* : f\T*M -» f\~ k T*M, A k ^ * A k 

where for A k G sec A*" T*M ^ sec Gg(M, g) 

[B k ■ A k } Tg = B k A*A k , \/B k G sec f\T*M ^ sec«(M,g). (114) 

t„ = 9 5 G sec ATM sec«(M,g) is a standard volume element. Then we 
can verify that 

*A fc =2 fe 5 . (115) 

A. 1.2 Dirac Operator 

Let d and 8 be respectively the differential and Hodge codifferential operators 
acting on sections of Ci(M, g). If A p G sec A P T*M ^ sec Cl(M, g), then SA p = 
(-l) p * _1 d-kAp, with it -1 * = identity. 

Remark 15 When there is necessity of specifying the metric field g used in the 

definition of the Hodge star operator and the Hodge codifferential operator we 

use the notations * and S. 

s g 

The Dirac operator acting on sections of C£(M, g) associated to a general 
metric compatible connection V is the invariant first order differential operator 

d rc = # a V ea , (116) 

where {e a } is an arbitrary orthonormal basis for TU C TM and {0 h } is a basis 
for T*U C T*M dual to the basis {e a }, i.e., 6> b (e a ) = <5g, a,b = 0,1,2,3. The 
reciprocal basis of {9 h } is denoted {9 & } and we have 9 & ■ 9b = ?7ab- Also, 

V ea b = -loI c 9 c (117) 

Defining 

^ = ^a%Afl c , (118) 

we have that for any A p G sec A P T*M, p = 0, 1, 2, 3, 4 

V ea A p = d ea A p + ^[u> e& ,A p ], (119) 
where 9 ea is the Pfaff derivative, i.e., if A p = p \Ai x ...i p 9 11 ' 1 f, 

d e ^A p := le^A^.g^-V (120) 
p\ 

Eq. (|119p is an important formula which is also valid for a nonhomogeneous 
A G sec«(Af,g). It is proved, e.g., in [551155] . 
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A. 2 Dirac Operator Associated to a Levi-Civita Connec- 
tion 

Using Eq. (|119[ ) we can show the very important result which is valid for the 
Dirac operator associated to a Levi-Civita connection denoted d : 



dA p = dAA p + d jA p = dA p - SA P , 
d A A p = dA p , djAp = -SA p . (121) 

B Maxwell Theory in the Clifford Bundle 

With these results, Maxwell equations for F £ sec f\ 2 T*M <^-» secC^(M, g), 
J € secA 1 7 1 *M ^ sec(X(M,g) reads 

dF = 0, 5F = — J, (122) 

or Maxwell equation^! reads (in a Lorentzian spacetime) 

dF = J. (123) 

B.l Energy-Momentum Densities *T a for the Electromag- 
netic Field 

In this Appendix, we present a suggestive formula for the energy-momentum 
densities *T a = — ★ T a of the Maxwell field, namely: 

*T a = -i*(F0 aJ F). (124) 

We also show that T a - 8^ = Tt, • 6* a . The derivation of those formulas illustrates 
the power of the Clifford bundle formalism. In particular 1 1 241 simply cannot be 
written in the usual formalism of differential forms. 

The Maxwell Lagrangian, here considered as the matter field coupled to the 
background gravitational field must be taken (due to our convention for the 
Ricci tensor and the definition of *7a ) as 

£ m = -^FA*F, (125) 

where F = \F ah 0* A 9 h = ±F ab 6> ab € sec f\ TM secC£(M, g) is the electro- 
magnetic field. We recall (as it is easy to verify) that 

<5*<9 ab = 59° A [6» c j*(9 ab ]. 



'No misprint here. 
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Also, for any A p £ sec 



f\ TM ^ sccC£(M,g) we have 



[S, *]A P = 8* A p — -kSAp 

= 56 a A (6» a j * Ap) - * [S9 a A (9 a jA p )] 



Multiplying both members of the last equation with A p = F on the right by 
FA we get 

FA(5*F = FA *SF + f A {S9 a A (0 a J * F) — *[50 a A (0 a jF)]}. 
Next we sum <$F A *F to both members of the above equation obtaining 
S (F A *F) = 2<5F A *F + 86 a A [F A (0 a j * F) - (0 B jF) A *F] . 

or, 



It follows that if <50 a = —£^9 a for some diffemorphism generated by the vector 
field £, then 




★T a = 



<90 a 



= [F A (0 a J * F) - (0 a JF) A *F] . 



Now, 



(0 a jF) A *F = - * [(0 a jF)jF] = -[(0 a jF)jF] n 



g 



and we have 



(0 a jF) A *F = a (F • F)r g -FA (0 a J * F). 



Using these results, we can write 



i [F A (0 a j * F) - (0 a jF) A *F] = ^ {0 a (F • F)r g - (0 a jF) A *F - (0 a jF) A *F} 

= ^ R(F • F)r g - 2(0 aJ F) A *F} 
= 1 {0 a (F • F)r g + 2[(0 a ,F) J F]r g } 




where in writing the last line we used the identity 




(126) 
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whose proof is as follows: 

{uaF)aF + ^n(F ■F) = - [(njF)F - F(n_iF)] + ^n(F ■ F) 

= ~ [nFF - FnF - FnF + FFn] + ^n(F ■ F) 

= - ^FnF + i [-2n(F ■ F) + n(F A F) + (F A F)n] + ^n(F ■ 

= —FnF + ~n(F ■ F) + in A (F A F) + ^n{F ■ F) 

= - -FnF = -FnF. 
2 2 

valid for any n G sec f\ T*M ^ secC£(M,g) and F £ sec f\T*M 
secC£(M,g). 

(b) To prove that T a ■ b = 7b • a we write: 

T a ■ Ob = i(^a^ b ) - ((F L a )F0 b )o + ^((^ +» a AF) F0 b )o 

= ((FL0 a )F0 b ) o + i<(0 a ™b)o 

= ((FL0 a )(F L b ) + (F L a )(F A b ))o - i(0 a (F ■ F)0 b ) o + i( a (F A F) 9 h ) 
= ((F^ a )(F^ h )) ~\{{F- F)(6 a ■ 6 h )) 

= (F L b ) ■ (F L a ) -\{F- F)(6 b ■ a ) = T b • a . 
Note moreover that 

- Tab = Tab = T a ■ 9 b = n cl F ac F hl - ^cd^Vb, (127) 
a well known result. 

C Examples of Killing Vector Fields That Do 
Not Satisfy Eq.flHED 

C.l Teleparallel Schwarzschild spacetime 

The metric of teleparallel Schwarzschild spacetime in spherical coordinates is 
g = ( 2 dt (g> dt - C 2 dr ®dr- r 2 d6 d9 - r 2 sin 9d<f> <g> d<f>, (128) 

with 

/ k\ 1/2 

C:=(l-;J , (129) 



where k is a constant. 

The Killing vector fields of this metric are 
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p 




e 




e 


(1) 


1 











(2) 








— sin<^> 


— cot 9 COS <j) 


(3) 








COS <f) 


— cot 9 sin <j) 


(4) 
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Table 1: Killing vectors associated with Schwarzschild metric. 

Introducing the orthonormal basis {e a } £ secPso^ 3 (-^0> where 

eo = C 1 dt, ei = (d r , e 2 = -d g , e 3 = — ]— -rd^, (130) 

r r sm 6 

we get the for the structure coefficients of the basis (which are equal the negative 
of the components of the torsion tensor in this basis), 

c% = -k^/r 2 , c\ 2 = C/r = c? 3 , c 3 23 = cot 9/r. 

We then can verify that only the fourth Killing vector field in Table 1 satisfy 
Eq.dEH). 

C.2 Teleparallel de Sitter spacetime 

The metric of dc Sitter teleparallel spacetime in spherical coordinate is for a < 
g = uj 2 dt ®dt~ u?dr <g> dr - r 2 sin9d<p (g) d<f>, (131) 

where 

u := (1 - or 2 )? , a = 3/i? 2 , (132) 

with a the cosmological constant and R the curvature radius. The ten Killing 
vector fields of the de Sitter metric are (c = cosh( v / at) ands = sinh( v / at)), 



p 


e 




e 


e 


(1) 


rto" 1 sin 9 cos <f> c 


y/aui sin cos </> s 


cos 9 cos </> s 
r ^ r — 


r sin H 


(2) 


ruj^ 1 sin9 sxncj) c 


sfa sin sin (f> s 


^cjcosf^sin^) s 


_v^cos| 
r sin f) 


(3) 


ruj^ 1 cos 9 c 


— \foLLO COS 9 s 







(4) 


—ruj^ 1 sin 9 cos <f> s 


—^fauj sin cos 4> c 


7 E 

— ^-lu cos f? cos 6 c 

r ^ Y 


c 

r sin ft 


(5) 


—roj^ 1 sin 9 sin s 


— sin 9 sin </> c 


— x^-u cos 9 sin d> c 

r 


V", ,cos0 
r ^ sin 9 L 


(6) 


—ruj^ 1 cos s 


—^fauj cos c 


r 





(7) 













(8) 








— cos <fi 


cot sin 


(9) 








— sine/} 


— cot 6* cos 


(10) 











-1 



Table 2. Killing vectors associated with de Sitter teleparallel spacetime for T < \f(X. 
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Introducing the ortho-normal basis {e a } £ secPSO^ 3 (M), where 

e = uj~ 1 d t , e x = ujd r , e 2 = -dg , e 3 = — (133) 

r r sin 9 

we get that the non null structure coefficients of the basis (which are the negative 
of the components of the torsion tensor in this basis) 

c° m = aruj- 1 , c\ 2 = uj/r = cf 3 , c 3 23 = cot 9 jr. (134) 

It can then be verified that only the seventh Killing vector field in Table 2 satisfy 
Eq.([l02]). 

When r > %fa the metric of de Sitter teleparallel spacetime is 

g = ft 2 dt <g)dt- n 2 dr <g)dr - r 2 sm9d4> <g> d</>, (135) 

where 

Q := {ar 2 - 1)3, a = 3/R 2 ,r > y/a, (136) 

As in the previous case, we have also ten Killing vector fields (c = cosh(y/at) 
and s = sinh( v / ai), 



p 




e 


e 


e 


1 


ril^ 1 sin#cos</> s 


y^afl sin 9 cos <fi c 


-^Sl cos 9 cos <i c 

r 




2 


Tfl^ 1 sin 9 sin <j> s 


y/a sin 9 sin c 


^-VL cos 6» sin 6 c 


r sin fl 


3 


rfl^ 1 cos 9 s 


— -y/af2 cos 6* c 


-^ftsinfl c 

r 





4 


— r£l _1 sin 9 cos 6 c 


— y^fJ sin cos <() s 


— cos 6* cos <A s 


r sin ft 


5 


— rfl^ 1 sin 9 sin <f> c 


— y/aCl sin 9 sin <^ s 


5 — 

-^ficos6»sinfl!)S 

E £ 


_v^cos| 
r sin H 


6 


— ril^ 1 cos 9 c 


— y/a£l cos s 







7 


\/ol 











8 








— cos 6 


cot sin 6 


9 








— sin 6 


— cot cos 6 


10 











-1 



Table 3: Killing vectors associated with de Sitter teleparallel spacetime for T > \foi. 

Introducing the orthonormal basis {e a } G sec-PSO^ ^(M), where 

e = fl~ 1 d t , ei = ttd r , e 2 = -d e , e 3 = — (137) 

r r sm 9 

we get once again the non null structure coefficients of the basis (which are now 
the negative of the components of the torsion tensor in this basis) 

c° w =arQ- 1 , c\ 2 = Q/r = c\ 3 , cl 3 =cot9/r. (138) 

It can then be verified that only the seventh Killing vector field in Table 3 
satisfy Eq.([T02]). 
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C.3 Teleparallel Priedmann Spacetime 

Consider the metric of the following particular Friedmann spacetime in comov- 
ing coordinates 

g = dt® dt — R 2 (t) (dx ® dx + dy <g> dy + dz <E> dz) 



p 


e 


e 


e 


e 


(1) 





1 








(2) 








1 





(3) 











1 


(4) 





-y 


X 





(5) 








z 


y 


(6) 





z 





~x 



Table 4: Killing vectors associated with Friedmann metric. 

We see that there is no timelike Killing vector field. Introducing the or- 
thonormal basis {e a } £ secPsoj (M), where 

e = d t , e 1 = RT l a 3!) e 2 = Rr 1 d y , e z = R- 1 d z . (139) 

The non null structure coefficients of this basis (which are the negative of the 
components of the torsion tensor in this basis) are 

4, = 4o = 4o = R-'R. (140) 
and it can be verified that all Killing vector fields in Table 4 satisfy Eq. (|102[) . 
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